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Abstract Subscriots:

A method to estimate the frequency of transmis- av average or mean
sion overhauls is presented. This method is based
on the two-parameter Weibull statistical distribu- f eibuil function
tion for component life. A second method is
presented to estimate the number of replacement com- i index
ponents needed to support the transmission overnaul

L pattern. The second method is based on renewal k index
'T theory. Confidence statistics are applied with
L" both methods to improve the statistical estimate of me approximate renewal function

sample behavior. A transmission example is also
presented to illustrate the use of the methods. n numoer of components in system
Transmission overhaul frequency and component
replacement calculations are included in the r replacement function
example.

s system
Nomenclature

10 90-percent reliability
b Weibull slope

90 90-percent confidence
e base of the natural logarithm

Introduction
F probability distribution function, probability

of failure The in-flight service reliability of aircraft
transmissions is much greater than the design relia-

Fk probability of at least k failures bility of their components. Transmission overhauls
provide the difference. By monitoring the onset of

f probability density function potential transmission fatigue failures, just-in-
time overhauls maintain the transmission economi-

Ln natural logarithm cally. 1 ,2 One cause for propulsion system overhauls
is the finite fatigue life of drive system comoo-

2. life, hr nents. The two-oarameter Weibull distribution
describes thg statistics of drive system bearing and

M renewal function gear life. 3-

Me approximate renewal function Component reliabilities and lives affect trans-
mission maintenance costs which are significant.

Nr number of replacements Estimates of these costs are important in the design
stage of a transmission. 6  The two-parameter Weibull

Q sample size distribution provides information on component reli-
ability and life. It does not predict overhaul fre-

R probability of survival, (1 - F) quency directly.

x integration time variable, hr Two steps are required to convert component
life statistics into overhaul frequency values.

zlO number of standard deviations from the mean The first is the transmission system life model.
which cuts off a 10-percent population tall This model is a two-parameter Meiull distribution

for the transmission system life. 7 ,8 The second
r the gamma function step Is renewal theory.

o characteristic life, hr Renewal theory is a statistical model which
describes the maintenance cycle. The theory consid-

1A3 third moment of a probability density function ers the ongoing sequence of: use, failure onset,
repair, and return to use. For this sequence,

o standard deviation renewal theory predicts the frequency of component
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replacement ano the number )f replacements needed Figure 1 is a plot of the ratio of the cnarac-
to support the service maintenance scheoule.) - 12  teristic life to the 90-percent reliability Pfe as

a function of the Weibull slope. Substituting 9
Conficence :heorY :omolement3 these :tatistical of Eq. (4) in Eq. (3) gives:

methods iith estmates .f the likelihood of :he pre-
dictions. -igner confidence levels require more "l \ ' ..b
spare parts to cover a greater range of possible Ln(R) = Ln ,-- (5)
situations.10,1R 

10)

The purpose of the research presented is to Equation (5) is the form used by manufacturers
provide a methodology for calculating transmission to present the two-parameter Weibull distribution
life and the number of comoonent replacements. The characteristics of bearings.

13

paper presents the theories and applies them to a
simple transmission to illustrate their use. Esti- In both Eqs. (3) and (5), the logarithm of the
mates of drive system and component lives and reliability reciprocal is proportional to the life
replacement needs are essential in design. These raised to the Weibull slope. Taking the logarithm
estimates provide a comparison of the relative worth of either equation generates a straight line olct
of different designs from a safety and maintenance as shown in Fig. 2. The plot is a probability graph
cost perspective. They also help assess the cost of for the two-parameter Weibull distribution.
operating a proposed drive system.

This graph aids in determining the distr'bu-
Component Life and Reliability tion parameter values for fatigue test data. 14  The

plotted test data are the results of a series of
The two-parameter eibull distribution is com- identical life tests for a sample set of identical

monly used to describe fatigue life data. It can components. The first failure determines the high-
describe a wide variety of life patterns. The reli- est reliability data point. The next failure deter-
ability of a component is the complement of its mines the next lowest reliability data point, and
probability of failure. so on.

In statistics, reliability is a double nega- The average life is the Mean Time to Failure
tive. Reliability or the act of surviving is the (MTTF). It is the sum of all times to failure
state of not having failed. Statistics count divided by the total number of the failures. The
direct events such as the act of failing. A part total number of failures for a continuous probabil-
can fail only once. It survives for its entire ity distribution is unity by definition. The sum
life. Thus the probability of failure is a direct of all times to failure is the integral of the
statistic. The probability of failure for the two- product of time or life and the probability density
parameter Weibull Jistribution is: function. The limits on the integral are from zero

to infinity. The average life is:

F = - e(/ 8 )b (1) av - MTTF - j, f(Q)dQ. (6)

where F is the probability of failure expressed as 
0

a decimal, e is the base of the natural logarithm.
% is the component life in million load cycles or For a Weibull failure distribution, the solu-
hours. e is the characteristic life in million load tion to this Integral involves the well known gamma
cycles or hours, and b is the Weibull slope. The function, r.15  The solution Is the gamma function
two Weibull parameters are 9 and b. multiplied by the characteristic life, 9.

The derivative of Eq. (1) with respect to life % MTTF - er(i . 1' (7)
is the probability density function, f: av b)

b-lWe)b Figure 3 is a plot of the ratio of the average
f = ( e 9 '(2) life to the 90-percent reliability life as a func-

tion of the Welbull slope. The average life equals

The probability density function is a histo- the characteristic life when b 1.

gram of life failures for a unit population. It The standard deviation of a failure distribu-
presents the scatter in the component lives. tion Is:

The Welbull reliability function is often r 11/2
expressed as: bf = [ ( - iav)'f(S)dJ (8)

LnR 09- In terms of the characteristic life, the Weibull

slope, and the gamma function, the standard devia-
where R Is the probability of survival (1 - F). tion of the two-parameter Weibull distribution is:
For a 90-percent probability of survival, R = 0.9
and 9 - 1lO. Solving for the characteristic life 1/2gives: Of-Ae[r(,i -2l ) (9)

e a 1 -/b The standard deviation of a distribution Is a
SLn-, 1 ) O) measure of the scatter of the distribution. It is
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valuable in estimating a confijence limit for the Renewal Theory
avera;e life. cigure 4 is i olot of the ratio of
the s:ancard deviation to the 9C-oercent reliabil- In addition to scnedul.ing maintenance oerioos,
ity life as a tuncron of tie Aeibull slope. At a a service procedure mus: also estimate tie numoer
slope of 0 = , the eioulB jistribution is the of replacement comconents required. Renewal :ieory
exponential distribution and has a large scatter. adds the renewal function to the :tat'stcal tools
As the slope increases, the scatter decreases for estimating repair. it estimates tne numoer of
raoidly. replacements as a function of a component failure

distribution and its life. 9 -1 1

System Life and Reliability
Renewal theory assumes the replacement of

,]ne -ode! for the life of a drive system is the failed components when they fail. This models in
strict series probability model.3 This model com- unending sequence of use and repair. Aircraft 3rive
pares a system of load carrying gears and bearings system maintenance follows this pattern closely.
to a chain of linKs. A chain fails when any single The renewal function results from a sequence of sta-
link fails. So too, a drive system requires repair tistically predicted failures.
wnen any component requires replacement or repair.
in the strict series probability model, the relia- Consider the maintenance sequence. 'n a given
oilitv of a svstem. Rs, is the product of the relia- life period, any number of failures may occur. The
bilities of all the components. prouability of at least one failure mi-nn a ;iien

life from the start of operation is:
n

R = II R. (10) .2i= ,If;x)O< .13)=1 F.(2) = RF2 ) = J f o

The nign speed of drive system components and
the scatte-ing of loose jebris warrant the strict The probability of at least :Ac seqjentia!
:eries orocabilit' model. if any component fails, failures in the period is the probaci!t:, of :wo
jeori3 may be present which could damage other com- independent events. The first ccmpcne : must 'jil.
zonents. Therefore, a drive system requires an Then a second component must begin its service ife
)vernaul to return it to a high state of reliability at this failure Pfe and also fal. The crooibility
once an, e'ement Fais. of naving at least two failures in rh~s ceriod

TaKing the logarithm of the reciprocal of
Eq. (:C) and using Eq. (5) for each component F2(Q) f J F IQ - x)f(x)d) 4)
Yields: 0

n aIn Eq. (14), x is the time at %vnich the f' rst

" s (11) failure occurs. This :an happen any time between
,,.Rj 0) zero and 2. At x = ), the entire !i'e 4s avail-able for the first failure prooability. The oroba-1=1 bilities of the second failure and the comoination

event are both zero. As x increases from zero to
in Eq. (11), s is the life of the entire drive 2, the probability of the first failure happening at
system for the system reliability. Rs . It is also time x decreases. The probability of the second
the life of each component at the same drive system failure increases. At x - 2, the entire life is
reliaoility, Rs . For _)nsistency in Eq. (11). all available for the second failure prcbaoi'ity. The
the component lives must be defined in the same probability of the first failure is zero. The crop-
units, The unit chosen is hours. ability of the combineJ event is thus zero as well

at x = Q. The Integral defines a function for the
E-uation (11) is not a simple two-parameter probability of at least two failures in the life

WeibUll relationshio between system life and system period from zero to 2.
reliability. The equation is a true two-parameter
Weibull distribution only when all the Weibull expo- Equation (14) repeats indefinitely with
nents, oi, are equal. 'n general, this is not the increasing suoscripts. The probability of having at
case. Thus, R, as i function of Qs when plotted least k failures in the period from zero to Z
such as in Fig. 2 may produce a curve rather than a is:
straight line. A trie t.o-parameter Weibull distri-
oution can be 3ppro(imated quite well, however, by
fitting the curve ustng a least squares method. 8  

= . -15)

The slope of the fitted straight line is the drive k-1
system Weibull slope. bs . The life at which the
drive system reliability equals 90 percent on the In Eq. (15), Fk-l(% - i is the orobabilit of hai- Q
straight line is o.10" The drive system two- ing at least K - I failures in the period from zero
parameter Weibull relationship Is then: to I - x. The probability of at least k failures

increases as the number of failures decrease. Also, -

,bs  the more life available for a failure, the greater
Ln(L). Ln(_L'-) ( 12) is the chance that it oill occur.
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The mean number of failures 's the infinite sum number of drive systems under ;erv'ce :- a 1 mi-ea
of the probaoilities of at least k -ailures in :he sample. -onfidence statistics est;mare how :fer-
life period, 'I. This function, M(42), is tne renewal ently 3 small sample may oenave 'r-m t:- _ntve-.a!
function. It is expressei as: population. it uses the s"tandari ev'a-:n :f -le

universal failure distrioution ana tne :mpie :!ce
to estimate the mean of the sample.,-

M( ) = Fk() (16)
k=l For many samples of the same size, :he mean -f

the samples has a normal distribution accut the
Equations (15) and (16) yield the number of overall mean. The standard deviation Df :he means

replacements needed to support a maintenance sched- is:
ule: The solution involves a large series 3f
convolution integrals. The equations apply to any f
failure distribution. However, the solution is not av .0)
easy to obtain. Figure 5 shows the renewal function a'
for a component with a two-parameter Weibull relia- where Q is the size of the -ample.
bility. The component life has e = 5000 hr and
b = 1.5. Tabulated solutions to the renewal func- The standard deviation of :ne lumper :f
tion for the two-parameter Neibull distribution are replacements is:
available.ll,14

An approximation for the renewal function from 7r = YQ Ime
Ref. iO is: Also, the total number of reoiaceme-- or -le

- sample is:

Me (, a av - 17
a 22 2(17) Nr - QMU.) 22)

av
In reliability predictions. the 'Zwer :nf;-

The approximation accuracy increases as a dence bcuna has much significance in aircraft
increases. Equation (17) is an asymptote to the applications. Systems that are less -e' able :nan
exact renewal function for low-scatter distribu- the average are important to identifi :r safety
tions. For high-scatter distributions it approxi- and economical reasons. The :onfidence C;strbu-
mates the renewal function closely. tion estimates the mean life ahich mill ce lcwe,

than the mean life of a chosen percentage cf a !
The standard deviation of the renewal function samples of a given size. This life '3 "ess than

gives a measure of the scatter in replacement needs the mean life for the entire pooulaticn. r a
from one sample to the next. Figure 6 is a plot of 90-percent :onfidence:
the renewal 'unction standard deviation versus life
for a component which has a two-parameter Weibull Zav.90 I %av - Z100av 23)
reliability distribution. It has a characteristic
life of 5000 hr and a Weibull slope of 1.5. where zlo is the number of standarJ leviations

below the mean which cuts off 10 per:ent :f :he
The approximation for the standard deviation population. For a normal distribution.

of the renewal function is:10  zlo - 1.282.4.14 90 percent of the normal distribu-
tion lie above 2av,90 and 10 percent -e below

2 • , 21/ av,90-
r( ) = 2 "21 2pa 3 11/2ith a 90-percent confidence that the replace-me 4. 4 " 3 ments will be less, the replacement est'mate for aaV av component from zero to life t is:

(18) Nr,90 - Nr * ZlOcr -24)

where .3 is the third moment of the life distribu- Since the behavior of samples differs from the
tion. For the two-parameter Weibull distribution, behavior of the "ideal" distribution. :.rf ence
the third moment is: estimates are helpful. With the confioence esti-

mates, one can see during the design onase the

9.3 f(2)dg - 3f 3~ (9 effects of sample size on the life and -eriacement
I3 ) rAi l (19) estimates.

Figure 7 is a plot of the ratio of the third moment

to the 90-percent reliability life as a function of Mean Life
the Weibull slope.

Consider the single mesh transmissicn shown 4n
Confidence Statistics Fig. 8. Assume the 90-percent reliabillty lives for

the bearings and gears are given as those snown in
In predicting replacement rates and maintenance Table 1. Also assume a Weibull slope of 1.2 for the

Inventories, direct theory provides mean or average bearings and 2.5 for the gears. It Is desired to
estimates. These estimates come from the statistics determine the transmission mean life with 90-percent
of a universal population (that is, an Infinite confidence for a fleet of 50 aircraft.
number of samples). In any real situation, the

4



Frm Ea. 7) or ;ig. 3. the average Iires were '13 560)- 16 :00)P '3 560) l
determined 1r eac c3moonent. -,'Cm : . 9) or 3ne I )3 )
Fig. 4, :"e :indar3 jeiations ror eac :cmponent :00) L 4(16
were ,etermrnei. -he results ire ;nown In aole 1.

the ran~mi sin s/stem 10-Dercent reliaoility !3 16 :OO)- 5(13 560)> - . ...

life was ,etermined oasel on the :omponent lives L 2(05 00) 3

using Eqs. 11) and I2 ). Fitting Eq. I12) to
Eq. (1l) for this data yields a :wo-parameter ,/2
Weibull slooe of s = 1.57 for the transmission. = 23 22 0.1038) (29)
The system 90-percent -'eliability life is 2 '

2s10 = 1060 hr- -":m E. . 4) or -ig. , he trans-
mission characterisic life is e = 4440 !r. From From Eo. 21). the standard deviation of the numoer

Eq. (7) or Fig. 3, the transmission average rife of eoiacements is:
is Zav = 3990 nr. From Eq. (9) or Fig. -, tne
s:anaara deviation of the transmission life is -,_-- _ '

•= 200 hr. Taole 1 includes these -esults. 0r = 1'0l, ? ' .7038) - 5.191

Aith this data, one can estimate the overhaul 130)
frequency for a fleet of similar airc'aft. Tne mean
life of 3 small samole of aircraft could be 'ower With a 90-oercent ::nfioence that tne reo~acemenzs
than that for an infinite population oF aircraft. I

1 2 ce es;, the reolicement estimate ror cearig
Confiderce itatistics estimate the samole oroderties one f-cm zeo3 to life I usinq E.. :24) Is:
from :he jniversal prooerties.

Let us estimate the overhaul frequency 'or N 7.5 1.282( 5.
the fleet anich use these transmissions with a .'- 5

90-perzent ,confilence that the frequency is lower.
From Eq. (20), the standard deviation of the mean A: an e~ample, 'e" us use this informaticn to
life's distribution is: determine the numoer of replacements -eeru-er For

bearing )ne if the 50 aircraft are to oCerate uo to
2600 I = 0O 'CO hr. Note that if .enewa! :necry i not

=v - 368 hr 25) used, the rnaoiity of "aiure from .:) s
F = 0.41 or gearing one at I = '0 DOO hr. This

woculd 'eac to 50(0.41) = 21 bearing required. -his
Using Eq. (23), the estimate of the transmissicn's method implies that bearings =or 21 aircraft have
mean life with a 90-percent confidence is: failed ana these aircraft are no >onger In service.

The reneaal theory method, however., mol'es that the
' 3990 - l.282(368) = 3520 hr <6) failed oearings are replaced and these aircraft are

put bacK in service. For I = 0O ' O hr, Eq. k31)
Number of Reolacements estimates the need for 30 bearings to suoport the

overhaul needs of the 50 aircraft, compared to 21
The renewal function serves to estimate the using only the Weibull failure distriouticn.

number of components one needs to support the main-
tenance pattern. Consider bearing number one in the Summary of Results
single mesh transmission of Fig. 8 and Table 1. It
is desired to determine the number of replacements A method to estimate the frequency of transmis-
required at any given time with 90-percent confi- sion overhauls was presented. A second method was
dence for a sample of 50 aircraft. presented to estimate the number of replacement com-

ponents needed to support the transmission overhaul
From Table 1, the average life is pattern. Confidence statistics were applied with

Qav = 16 200 nr ard the standard deviation is both methods to imorove the statistical estimate of
=f 13 560 hr. The renewal function from Eq. (17) sample behavior.

is:
The metnod to predict overhaul frequency is

M 1 (16 200), - (13 560)' based on a two-parameter Weibull system life
16 200 )2 model. -he relationship between the s;stem life

2(16 200) model and the component life models was presented.
In addition, formulas 'or the mean and standard

- 16 200 - .150 (27) deviation of the two-parameter Weibull distribution
,were given.

From Eq. (22), the total number of replacements from Renewal theory was presented as a tool to esti-
0 hr to a life of 2 is: mate the number of component replacements in a

transmission. Approximation formulas were given

N - 0( 2 - 0.150) 7 5 for the mean and standard deviations if the renewal
r  16 200 34 -function. These approximations are valid for the

cwo-parameter Weibull distribution. Formulas for
From Eq. (19) or Fig. 7, the third moment of the sample replacement rates were given in terms of the
bearing life distribution is P3 - 1.697x1013 hr3 . renewal function.
From Eq. (18). the standard deviation of the renewal
function for bearing one Is:
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TABLE I. - SINGLE MESH TRANSMISSION

PROPERTIES 10

1a,,. f. 8
h_r hr hr C

Bearing 1 2640 16 200 13 560 6

Bearing 2 4820 29 570 24 750
Pinion 2480 5 410 2 320
Bearing 3 7230 44 360 37 130 4
Bearing 4 3960 24 300 20 330
Gear 3170 6 920 2 960 2

Transmission 1060 3 gg0 2 60 I I I I
0 2 4 6 8 10

WEIBULL SLOPE. b

FIGURE 1. - CHARACTERISTIC LIFE TO 90-PRCENT RELIA-
BILITY LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A
FUNCTION OF THE WEIBULL SLOPE.
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FIGURE 2. -TWO-PARAMETER WEIBULL PROBABILITY PLOT.
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FIGURE 3. - AVERAGE LIFE TO 90-PERCENT RELIABILITY
LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A FUNC-
TION OF THE HEIBULL SLOPE.
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FIGURE 4. - STANDARD DEVIATION TO 90-PERCENT RELIA-
BILITY LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A

FUNCTION OF THE WEIBULL SLOPE.
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FIGURE 5. - RENEWAL FUNCTION FOR A TWO-PARAMETER

WEIBULL DISTRIBUTION WITH 0 = 5000 HOURS AND
b = 1.5.

8



150

50

0f 5001 001 0

LIFE, 1, HR

FIGURE 6. -RENEWAL FUNCTION STANDARD DEVIATION FOR
A TWO-PARAMETER WEIBULL DISTRIBUTION WITH 0 5000
HOURS AND b =1.5.
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FI6URE 7. - THIRD M OE NT TO 90-PERCENT RELIABILITY
LIFE RATIO FOR A WEIBULL DISTRIBUTION AS A FUNC-
TION OF THE WEIDULL SLOPE.

9



FIU EA-\SNL S RNNSINEAPE

10EAIN



NASAReotPg
National AeonaucsReport Documentation Page
Space Admnntruis aton

Report No. NASA TM-102022 2. Government Accession No. 3. Rac.irpnt's Catatog 4o.

AVSCOM TR 89-C-007; AIAA-89-2919

4. Title and Subtitle 5. Report Date

Transmission Overhaul and Replacement Predictions Using Weibull
and Renewal Theory 6. Performing Organization Code

7. Author(s) 8. Performing Organization Report No.

M. Savage and D.G. Lewicki E-4756

10. Work Unit No.

9. Performing Organization Name and Address 505-63-51

NASA Lewis Research Center I L 162209A47A
Cleveland, Ohio 44135-3191
and 11. Contract or Grant No.

Propulsion Directorate
U.S. Army Aviation Research and Technology Activity-AVSCOM

Cleveland, Ohio 44135-3127 13. Type of Report and Period Covered

12. Sponsoring Agency Name and Address Technical Memorandum

National Aeronautics and Space Administration
Washington, D.C. 20546-0001 14. Sponsoring Agency Code
and
U.S. Army Aviation Systems Command
St. Louis, Mo. 63120-1798

15. Supplementary Notes

Prepared for the 25th Joint Propulsion Conference cosponsored by the AIAA, ASME, SAE, and ASEE,
Monterey, California, July 10-12, 1989. M. Savage, University of Akron, Akron, Ohio 44325; D.G. Lewicki,
Propulsion Directorate, U.S. Army Aviation Research and Technology Activity-AVSCOM.

16. Abstract

A method to estimate the frequency of transmission overhauls is presented. This method is based on the two-
parameter Weibull statistical distribution for component life. A second method is presented to estimate the number
of replacement components needed to support the transmission overhaul pattern. The second method is based on
renewal theory. Confidence statistics are applied with both methods to improve the statistical estimate of sample
behavior. A transmission example is also presented to illustrate the use of the methods. Transmission overhaul
frequency and component replacement calculations are included in the example. k e -e ,
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